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exist erm1 in :. In vector notation, (36) and (37) nay be put into
tne term
-(
•
= _L zNc z Dz (3w)
ZJ Az
1) dotLs t1 h conjumtc of Ak
L s
tos D a’d C() 1o’neaiL deiinte
sot
bt ta s D d C() are re 1, cod for any we hve
- 0
a
-
(4’)
as the are positive.
us notice here that matrices D and C(), though nonnecative definite,
cause the are ciw—syametric.
Isa-it theorems for stochasttc :eu elpitcatlve
differential esustions [3—I7. For our case the relevant versions of
ciseore:s are eivon in tie parers of Paeanicolaou and Varadhan
[ts. It is not dafficult to ecoonize that
is analotous to the one considered in Theorem 3 of :15], and
cransfornatiom, the general, abstract Theorem I of [15]
I would be sore convenient, however, to recall the theorem
of It aanicolaou and holler L10 (PK Thee-rem). Because F(t1 are bounded
is linear (and not explicitely cerendent on
tjcc scale) all the beundcdness cendt:ions needed for
ore satisfied. horeover, the existence cf the drift b(z)
and the diffusion ci-j(z) ccefficient, in the sense of limits (35).
and (37)1and their explicit forms (38) and (39), ensure tne fulfiillout
of the further conditions of the PK Theorem. Thus the PK Thoren aced 10,.
Ito relevance for the formulation of our problem may be expressed us
The or en
Let z1() Cc) Of L- “‘f ‘ , be
defined by equation (29). Let (iF)
—
(5F’), (5F’), (20), (22) and (23)
hold. Then the process converges weekly as i—eQ (t —p and
O t= o o arbitrary) to the diffusion Xarkov process
with infinitesimal generator L defined by
L + Z ) (12)
where b(z) and Cij(Z) are, respectively, drift and diffusion coefficients
given by (38) and (39).
Remarl 3
Theorems also exist ([17], theorems 2 and 3, chapter 7, 3) which
allow us to determine the behavinu of the solution :2(i) of the ,bcve r:-oL’lcr
for a L C o/ — . It turis out that br such ta:ne—antervel-; ta-coo
does not mo;e significantly from its initi5lpesitien [ip,2S]
• _•,o ‘m-f,i’ e
L ta--) Icr as are cc tee orcor , ann mc: cc tao cc.
as expected for from the above theo:em, 17,25. Ts saaldns,
to some extent, why we have formulated our problem in the Van
6. Comseeueoccs of tIec diffusion li role sodutdct for tm v;rcs
For further discussion it would be more convenient to repre5enc the
diffusion Xari:ov proces :(-) with drift vector b(z) and
as the solution 0f the Ito type stochastic equation 2d,3D. ho- hoes
b(z a -i- (:i)) t()’L-
-:‘ -:
where C(s) is a square root centric: of 0(z) (because 2(c)
definite matrix it has a unioue square root Ot’:) (so), and )‘v 1
—15—
st4cd.rd, n—&.:ensional Wiener process.
3
Th: mean valbe of the process zci),’tQ is contained in
‘r!. :gt tz!.’r’ there r = jz (o)j , and z(O) denotes the
starting pont of the evolution.
Proo.’
Let t.s coasidor the function
we hzva
Lca’)t 2Z (i E, 1c A!; k%zhV) ; zj*
14
—
:(z=jzj (44)
Becae of the bUoying identities
0!: jzfl 2pz;izit4) (45)
and (46)
b
-0(3..)(LJ 2: ,
%b
n .1
1’
. j_
‘r r; ‘it.,
3
and by nonnegative definitness of C(:) we obtain
Lez)O for Cp4.
By Ito’s formula we have also
thrczet) L.. r(zc.c))ck .r
Applying the average to the last expression we obtain
E(z’n)=9Lr(zcLfl U for Oa pCI.
Hence, for p = 4, flts tI
1Ezct’J EIzer)(E(z(c))cjz(o)j
Thus Lemma 3 is true, and evidently also it implies that the inequJ ity
is preserved during the evolution of the sync:.
ActuaL.y, the relations (49) and (51) are stronter thar, art’ nee.i:
to obtain (52). They also give an opportunity for comment n the .n..tW.ty
of the process :c5). Such discussion is, however, com;leate. :y z.;e fa:
that L nay be a degenerate elliptic operater 3c]. The de;ener.cy of I
appears if cc:) turns out to be zero for so.. e set N o.’ points ef . Th%t
form of C(:) implies that if stch a set Nxsts it :..t ‘e :ara.ar -
subspace of R4. This is true, since i. Il N(A’), where ,çA’,: .: -.
Moreover, we may notice that for tN L’:)sand c:)cG
Sy (43), N is an invariant subspace with repect to the pcocez.s .2
decanposition of the process z&c) for ; and :c’ (w:t- :.:_:.—t.”’
allows us to see it as the direct sum of two vecters volvin: in ti .e. 7 g
first vector is a constant voctor z,. tn N, ad the s’conJ is eq 1 -‘
relevant diffusion process zc’c) in N wit:1 stricrl ellIptic i:,fnttesi ..i
generator 17 (for z 0) (this is also clear if the equatien 29)
linearly transformed so that the components in S and N are sr,tc.,,.
.a< -,
tte first .ud th: third terrs in (.,7) cancel, since natrices Ak are
skew—a ;$atric. Tterefcre (47) yields
:-çZ
c (-i) z1 C(z)z
(47)
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